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BOUNDEDNESS OF THE FRACTIONAL INTEGRAL ON

WEIGHTED LEBESGUE AND LIPSCHITZ SPACES

ELEONOR HARBOURE, OSCAR SALINAS, AND BEATRIZ VIVIANI

Abstract. Necessary and sufficient conditions are given for the fractional
integral operator Iα to be bounded from weighted strong and weak Lp spaces
within the range p ≥ n/α into suitable weighted BMO and Lipschitz spaces.
We also characterize the weights for which Iα can be extended to a bounded
operator from weighted BMO into a weighted Lipschitz space of order α.
Finally, under an additional assumption on the weight, we obtain necessary
and sufficient conditions for the boundedness of Iα between weighted Lipschitz
spaces.

0. Introduction

A nonnegative function ω defined on Rn is called a weight if it is locally inte-
grable. We denote by |E| the Lebesgue measure of E, and ω(E) =

∫
E
ω(x)dx.

Given a ball B, θB will mean the ball with the same center as B and with radius
θ times as long. Throughout this paper, the letter C will denote a constant not
necessarily the same at each occurrence.

A weight ω is said to belong to the Muckenhoupt class Ap, 1 < p <∞, if there
exists a constant C such that

ω(B)

|B|

(
ω−

1
p−1 (B)

|B|

)p−1

≤ C

for every ball B ⊂ Rn. The class A1 is defined replacing the above inequality by∥∥ω−1XB
∥∥
∞
ω(B)

|B| ≤ C,

where XB is the characteristic function of the ball B. We shall say that a weight
w satisfies a doubling condition if there exists a constant C such that

ω(2B) ≤ Cω(B)
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for every ball B ⊂ Rn. Given p > 1, we shall say that ω ∈ RH(p), if ω satisfies a
reverse Hölder condition with exponent p, that is,(

ωp(B)

|B|

)1/p

≤ Cω(B)

|B|
for every ball B ⊂ Rn.

By Lp and L̃p we mean the usual strong and weak Lebesgue spaces on Rn, and
we denote by ‖·‖p , respectively [·]p, the corresponding norms, that is,

‖f‖pp =

∫
Rn

|f(x)|pdx and [f ]
p
p = sup

t>0
tp| {x/f(x) > t} |.

We shall denote by Lpw the class of functions f such that ‖f‖p,ω ≡ ‖f/ω‖p is

finite. Similarly, we shall say that f belongs to L̃pω if [f ]p,ω = [f/ω]p is finite.
Finally, the Lipschitz space Λ(δ), 0 < δ < 1, is the class of functions f satisfying

|f(x)− f(y)| ≤ C |x− y|δ .
We consider the fractional integral operator Iα, 0 < α < n, defined by

Iαf(x) =

∫
Rn

f(y) |x− y|α−n dy,(0.1)

whenever this integral is finite. Clearly, if f belongs to L∞c = {g : g is a bounded
function with compact support}, then the integral in (0.1) is finite for every x.
Moreover, for f in L∞c,ω, that is f/ω ∈ L∞c , it is easy to check that the integral in
(0.1) is finite for almost every x ∈ Rn. In fact, letting B0 = B(0, R0) be such that
supp f ⊂ B0 and R > 0, we have∫

B(0,R)

|Iαf (x)| dx ≤ ‖f/ω‖∞
∫

B(0,R)

∫
B0

ω(y) |x− y|α−n dy

 dx

≤ ‖f/ω‖∞
∫
B0

ω(y)

 ∫
B(x,R0+R)

dx
|x−y|n−α

 dy

≤ C(α,R0, R)ω(B0) ‖f/ω‖∞ .

(0.2)

Thus, Iαf(x) is finite for almost every x ∈ B(0, R), and, consequently, for almost
every x ∈ Rn.

For 1 < p < n/α and 1/q = 1/p− α/n, Muckenhoupt and Wheeden in [M-W1]
characterize the non negative functions υ for which the inequality(∫

|Iαf |q υ−q
)1/q

≤ C
(∫
|f |p υ−p

)1/p

holds, as those belonging to the class A(p, q), i.e.(
υ−q(B)

|B|

)1/q (
υp′(B)

|B|

)1/p′
≤ C

holds for any ball B ⊂ Rn and p′ = p/(p − 1). It is easy to see that v ∈ A(p, q)

if and only if vp
′ ∈ A1+p′/q. For the limiting case p = n/α and q = ∞, they also
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characterize the weights satisfying the inequality∥∥υ−1XB
∥∥
∞

1

|B|

∫
B

|Iαf(x)−mQ(Iαf)| dx ≤ C ‖f‖n/α,υ ,(0.3)

as the weights belonging to A(n/α,∞), that is, υ(n/α)′ ∈ A1. Here mQ(g) denotes
the average 1

|Q|
∫
Q g(x)dx. This inequality may be viewed as the boundedness of Iα

from Ln/α,v into a weighted version of BMO, the space of functions with bounded
mean oscillation.

In this work we give necessary and sufficient conditions on the weights for the

boundedness of the fractional integral operator Iα from weighted Lpω and L̃pω, n/α ≤
p < n/(α− 1)+, into suitable weighted BMO and Lipschitz spaces. Actually, for
the case p = n/α a slightly more general result is obtained here than that stated in
(0.3) (see Remark 2.15). We also and the boundedness characterize the weights
for which Iα can be extended to a bounded operator from weighted BMO into a
weighted Lipschitz space of order α. Finally, under an additional assumption on
the weight, we obtain necessary and sufficient conditions for the boundedness of Iα
between weighted Lipschitz spaces. For the unweighted case, the results contained
in this paper have been established in different settings by several authors, see for
instance [Z], [S-Z], [G-V] and [H-S-V].

The paper is organized as follows. In §1 we define the family of spaces used
throughout the work and derive some basic properties. The main results of the
paper, concerning the boundedness of fractional integrals, are stated in §2. In §3,
we study the basic properties of the class of weights related to the inequalities given
in §2. Finally, in §4, we prove the weighted inequalities stated in §2.

1. The spaces Lω(β) and Lω(β)

We start by giving two possible weighted versions of the spaces Lp,λ, for p = 1,
considered by Peetre in [P].

(1.1) Definition. Let ω be a weight and −1 < β < 1/n. We say that a locally
integrable function f belongs to Lω(β) if there exists a constant C such that

1

ω(B) |B|β
∫
B

|f(x)−mBf |dx ≤ C

for every ball B ⊂ Rn. The least constant C satisfying this inequality will be
denoted by ‖f‖Lω(β).

(1.2) Definition. Let −1 < β < 1/n, and let ω be a weight. We denote by Lω(β)
the space of the locally integrable functions f such that the inequality

1(
ω

1
1+β (B)

)1+β

∫
B

|f(x)−mBf |dx ≤ C

holds for a fixed constant C and for every ball B ⊂ Rn. The least constant C will
be called ‖f‖Lω(β) .

Let us observe that for β = 0, both of the spaces Lω(β) and Lω(β) coincide
with one of the versions of weighted bounded mean oscilation space, introduced
by Muckenhoupt and Wheeden in [M-W2]. Moreover, for the case ω ≡ 1, both
Definitions 1.1 and 1.2 give the known Lipschitz integral spaces for β in the range
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0 < β < 1/n, and the Morrey spaces, for −1 < β < 0. Also, we notice that the
spaces L(β), 0 ≤ β < 1/n, are the duals of the weighted Hardy spaces Hp

ωp with
p = 1

1+β , introduced by Garćıa Cuerva in [GC].

The following propositions establish the relationships between the spaces Lω(β)
and Lω(β) and some useful properties of them.

(1.3) Proposition. Let 0 < β < 1/n, and let ω be a weight. Then

(1.4) The space Lω(β) is contained in Lω(β). If ω1/(1+β) ∈ RH(1 + β), then
Lω(β) ≡ Lω(β).

(1.5) If ω satisfies a doubling condition, the space Lω(β) coincides with the point-
wise version Λω(nβ) consisting of all the functions f such that there exists a con-
stant C satisfying

|f(x)− f(y)| ≤ C

 ∫
B(x,2|x−y|)

ω(z)

|z − x|n−βn
dz +

∫
B(y,2|x−y|)

ω(z)

|z − y|n−βn
dz

(1.6)

for almost every x and y in Rn. In particular, for the case ω ≡ 1, we obtain that
f ∈ Lω(β) if and only if f ∈ Λ(nβ).

Proof. That Lω(β) ⊂ Lω(β) follows directly from the Hölder inequality, and the
other inclusion is also inmediate from our assumption that ω1/(1+β) ∈ RH(1 + β).

In order to prove (1.5), we first check (1.6) for f in Lω(β). Given x and y in
Rn, x 6= y, take B = B(x, |x− y|) and B′ = B(y, |x− y|). Then

|f(x)− f(y)| ≤ |f(x)−mBf |+ |f(y)−mB′f |+ |mB′f −mBf |.
We estimate only the first term of the right side, since the others follow similar

lines. Letting Bi = B(x, 2−i|x− y|) for i ≥ 1 and B0 = B, and using the doubling
condition, we get

|f(x)−mBf | ≤ lim
m→∞

(|f(x)−mBmf |+
m−1∑
i=0

|mBi+1f −mBif |)

≤ C
∞∑
i=0

|Bi|−1

∫
Bi

|f(z)−mBif | dz ≤ C||f ||Lω(β)

∞∑
i=0

|Bi|β−1ω(Bi)

≤ C||f ||Lω(β)

∞∑
i=0

∫
Bi−Bi+1

ω(z)

|z − x|n−βn dz

≤ C||f ||Lω(β)

∫
B(x,2|x−y|)

ω(z)

|z − x|n−βn dz,

for almost every x in Rn.
Conversely, integrating (1.6) on a ball B with respect to both variables, x and

y, and interchanging the order of integration, we obtain that f belongs to Lω (β).
This completes the proof of (1.5). ♦

(1.8) Proposition. Let ω be a weight and −1 < β < 0. Then

(1.9) The space Lω(β) is contained in Lω(β). If, in addition, ω ∈ RH(1/(1 +β)),
then Lω(β) ≡ Lω(β).
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(1.10) The Lebesgue space L
−1/β
ω is contained in Lω(β).

Proof. First, let us prove (1.9). Since 0 < 1 + β < 1, the inclusion of Lω(β) in
Lω(β) follows, as in (1.4), by using the Hölder inequality with exponent 1/(1 + β).
The other inclusion is a consequence of the fact that ω ∈ RH(1/(1 + β)). Now, let
us show (1.10). Let f ∈ Lqω, with q = −1/β. The Hölder inequality implies that∫

B

|f(x) −mBf |dx ≤ 2

∫
B

|f(x)|
ω(x)

ω(x)dx

≤ 2

(∫ ∣∣∣∣ f(x)

ω(x)

∣∣∣∣q dx)1/q
∫
B

ω(x)q′dx

1/q′

.

Since q′ = (−1/β)′ = 1/(1 + β), we get that∫
B

|f(x)−mBf | dx ≤ 2 ‖f‖−1/β,ω

(
ω

1
1+β (B)

)1+β

,

as we wanted to prove. ♦

2. Results on the boundedness of Iα

We now introduce two classes of weights which appear in connection with the
spaces Lω(β) and Lω(β), and the boundedness of the operator Iα.

(2.1) Definition. Let 0 < α < n and 1 < p <∞. We say that ω ∈ H(α, p) if there
exists a constant C such that

|B|1/p−α/n+1/n

 ∫
Rn−B

ωp
′
(y)

|xB − y|(n−α+1)p′ dy

1/p′

≤ Cω(B)

|B|(2.2)

for every ball B ⊂ R, where xB is the center of the ball B and p′ = p/(p− 1). In
the case p =∞, (2.2) should be understood to mean

|B|−α/n+1/n
∫

Rn−B

ω(y)

|xB − y|n−α+1 dy ≤ C
ω(B)

|B| .

We denote this class by H(α,∞).

(2.3) Definition. Let 0 < α < n, 1 < p < ∞ and β = α/n − 1/p. We define
H(α, p) as the class of weights ω such that there exists a constant C satisfying

|B|1/p−α/n+1/n

 ∫
Rn−B

ωp
′
(y)

|xB − y|(n−α+1)p′ dy

1/p′

≤ C
(
ω

1
1+β (B)

|B|

)1+β

(2.4)

for every ball B = B(xB , R) in Rn and p′ = p/(p − 1). The class H(α,∞) is
defined by taking 1/p = 0, p′ = 1 and β = α/n in (2.4).

In the case n/α < p ≤ ∞, by using Hölder inequality, it is easy to see that
H(α, p) ⊆ H(α, p). Moreover, if ω1/(1+β) ∈ RH(1 + β) with β = α/n− 1/p, both
classes are the same. In a similar way, when 1 < p < n/α, we clearly have that
H(α, p) ⊆ H(α, p), and both classes coincide whenever ω ∈ RH(1/(1 + β)).

We also note that for p =∞ and n = 1, the class H(α,∞) agrees with one of the
classes Br considered by Muckenhoupt in [M] and earlier in [H-M-W]. It is known
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(see [F-M]) that there exist weights in Br which are not in A∞ and, consequently,
weights in Br do not necessarily satisfy any reverse-Hölder condition.

Even though we will restrict our attention in this paper to the boundedness of
Iα involving the spaces Lω(β) and the corresponding classes H(α, p), similar results
to those stated in Theorem 2.5 below can be obtained for the spaces L(β) and the
classes H(α, p).

Now we are in the position to state our main results

(2.5) Theorem. Let 0 < α < n, 1 < p < n/(α − 1)+ and β = α/n − 1/p. The
following statements are equivalent:

(2.6) The operator Iα can be extended to a bounded linear operator Ĩα from Lpω
into Lω(β) by means of

Ĩαf(x) =

∫
Rn

[
1

|x− y|n−α −
1− χB(0,1)(y)

|y|n−α

]
f(y)dy.

(2.7) The operator Iα can be extended to a bounded linear operator Ĩα from L̃pω
into Lω(β), where Ĩα is defined as in (2.6).

(2.8) The weight ω belongs to H(α, p).

(2.9) Theorem. Let ω be a weight and 0 < α < 1. The following conditions are
equivalent:

(2.10) The operator Iα can be extended to a bounded linear operator Ĩα from Lω(0)
into Lω(α/n) by means of

Ĩαf(x) =

∫
Rn

(
1

|x0 − y|n−α
− 1

|x− y|n−α

)
f(y) dy

for an appropiate choice of x0 ∈ Rn.

(2.11) The weight ω belongs to H(α,∞).

(2.12) Corollary. Let α, δ ∈ R+ such that 0 < α + δ < 1. The following condi-
tions are equivalent:

(2.13) The weight ω belongs to H(δ,∞) and the operator Iα can be extended to a

bounded linear operator Ĩα from Lω(δ/n) into Lω((α+ δ)/n).

(2.14) The weight ω belongs to H(α+ δ,∞).

(2.15) Remark. We note that for ω ≡ 1, Theorem 2.5 gives, in particular, the
classical results:

Iα : L̃p → Λ(β),
n

α
< p <

n

(α− 1)+
,

and

Iα : L̃n/α → BMO.

For general ω and p = n/α (i.e. β = 0) the space Lω(0) provides a weighted
version ofBMO larger than the one used by Muckenhoupt and Wheeden in [M-W1].

However, for the class of weights they obtained, that is ω
n

n−α ∈ A1, both spaces
coincide. When 1 < p < n/α (i.e. β < 0), the space Lω(β) contains the Lebesgue
space Lq, 1/q = 1/p − α/n, as we showed in Proposition 1.8. Therefore, the



BOUNDEDNESS OF THE FRACTIONAL INTEGRAL 241

analogue for Lω(β) of Theorem 2.5 gives the boundedness of Iα from Lpω into a
space larger than that in [M-W1] but, on the other hand, we obtained a larger class
of weights.

(2.16) Remark. We would like to point out that Theorem 2.9 generalizes the clas-
sical unweighted result on the boundedness of Iα between BMO and the Lip-
schitz space Λ(α). Moreover, we note that for weights in our class the spaces
Lω(β), 0 < β < 1/n, coincide with the pointwise versions given in (1.5), because,
as we shall see in the next section, they satisfy a doubling condition.

We postpone the proofs of the theorems until §4, since we need first to establish
some properties for our weights.

3. Basic properties of the weights

In order to prove some properties for the weights introduced in §2, we need two
technical lemmas about real functions.

(3.1) Lemma. Let ϕ be a non negative and non decreasing function defined on
(0,∞). If there exist two positive constants C and r such that

∞∫
t

ϕ(s)

sr+1
ds ≤ Cϕ(t)

tr
(3.2)

for every t > 0, then the function ϕ(t)/tr is quasi-decreasing with constant equal to
C2r+1, that is, for any t1 ≤ t2, ϕ(t1)/tr1 ≤ C2r+1ϕ(t2)/tr2.

Proof. Let t1 ≥ t2. From (3.2), since ϕ is non-decreasing, we have

ϕ(t1)

tr1
= 2r+1t1

ϕ(t1)

(2t1)r+1
≤ 2r+1

2t1∫
t1

ϕ(s)

sr+1
ds

≤ 2r+1C
ϕ(t2)

tr2

as we wanted to prove. ♦

(3.3) Lemma. Let ϕ be as in Lemma 3.1. Then the following conditions are equiv-
alent:

(3.4) The function ϕ satisfies (3.2).

(3.5) There exists a > 1 such that ϕ(at) ≤ 2−1arϕ(t) for every t > 0.

(3.6) There exist two positive constants C and ε such that

ϕ(θt) ≤ Cθr−εϕ(t)

for all t > 0 and all θ ≥ 1.

Proof. In order to prove that (3.4) implies (3.5), let a be a constant greater than
one such that log a = 2r+2C2. Now, assume that there exists t0 > 0 such that
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ϕ(at0) > 2−1arϕ(t0). Then, from (3.4) and Lemma 3.1, we get

C
ϕ(t0)

tr0
≥

at0∫
t0

ϕ(s)

sr+1
ds ≥ 1

C2r+1

ϕ(at0)

(at0)r
log a

>
1

C2r+2

ϕ(t0)

tr0
log a = C

ϕ(t0)

tr0
,

which is a contradiction. Let us show (3.5) implies (3.6). Let θ ≥ 1. Choosing
k ∈N0 such that ak ≤ θ < ak+1, and iterating the inequality in (3.5), we have

ϕ(θt) ≤ ϕ(ak+1t) ≤ ar

2
ϕ(akt) ≤

(
ar

2

)k+1

ϕ(t)

≤ arθr

2k+1
ϕ(t) ≤ arθr2− log 2θ/ log 2aϕ(t)

= arθr−εϕ(t),

where ε = 1/ log 2a > 0, which finishes the proof of (3.6). Next, assume that (3.6)
holds. Therefore, for t > 0, we get

∞∫
t

ϕ(s)

sr+1
ds =

1

tr

∞∫
1

ϕ(θt)

θr+1
dθ ≤ Cϕ(t)

tr

∞∫
1

θ−(1+ε)dθ ≤ Cϕ(t)

tr
,

which proves (3.4). ♦

In the following we will search for properties valid for the classes H(α, p) with
0 < α < n and 1 < p ≤ ∞.

(3.7) Lemma. Let ω be a weight belonging to H(α, p). Then ωp
′

satisfies a doubling
condition.

Proof. Let B be a ball in Rn; since ω belongs to H(α, p), we have

|B|(1/p−α/n+1/n)p′
∫
Rn

ωp
′
(y)

(|xB − y|+ |B|1/n)(n−α+1)p′
dy

≤ C
(
ω(B)

|B|

)p′
+ |B|(1/p−α/n+1/n)p′

∫
B

ωp
′
(y)

(|xB − y|+ |B|1/n)(n−α+1)p′
dy

≤ C

(
ω(B)

|B|

)p′
+ |B|(1/p−1)p′

∫
B

ωp
′
(y)dy ≤ Cω

p′(B)

|B| .

Therefore,

ωp′(B)

|B| ≥ C|B|(1/p−α/n+1/n)p′
∫
2B

ωp′(y)

(|xB − y|+ |B|1/n)(n−α+1)p′
dy

≥ C|B|(1/p−1)p′ωp
′
(2B)

= C|B|−1ωp′(2B).

This completes the proof. ♦
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(3.8) Lemma. Let ω be a weight in H(α, p), 1 < p < ∞. Then ω belongs to
RH(p′).

Proof. Let B be a ball in Rn. Since ω satisfies H(α, p), applying Lemma 3.7, we
get

ω(B)

|B| ≥ C|B|1/p−α/n+1/n

 ∫
2B−B

ωp′(y)

|xB − y|(n−α+1)p′ dy

1/p′

≥ C|B|1/p−1
(
ωp
′
(2B −B)

)1/p′

≥ C

(
ωp
′
(B)

|B|

)1/p′

,

as we wished. ♦

(3.9) Lemma. For a weight ω the following conditions are equivalent:

(3.10) ω belongs to H(α, p).

(3.11) ω belongs to RH(p′) and there exist two positive constants C and ε such
that

ωp
′
(B(xB , θt)) ≤ Cθ(n−α+1)p′−εωp

′
(B(xB , t))

for every ball B = B(xB , t) and for all θ ≥ 1.

(3.12) There exist two positive constants C and ε such that(
ωp
′
(B(xB , θt))

|B(xB , θt)|

)1/p′

≤ Cθn/p−α+1−ε/p′ ω(B(xB , t))

|B(xB , t)|

for every ball B(xB , t) in Rn and for all θ ≥ 1.

Proof. Let us show (3.10) implies (3.11). By Lemma 3.8 ω satisfies the desired
reverse-Hölder inequality. On the other hand, for B = B(xB , t), using the Hölder
inequality, (3.10) and Lemma 3.7, we have

ωp
′
(B)

|B| ≥ C

(
ω(B)

|B|

)p′

≥ C|B|(1/p−α/n+1/n)p′
∫
Rn−B

ωp
′
(x)

|xB − x|(n−α+1)p′
dx

≥ C|B|(1/p−α/n+1/n)p′
∞∑
k=0

ωp
′
(B(xB , 2

k+1t))

(2kt)(n−α+1)p′

≥ C|B|(1/p−α/n+1/n)p′
∞∫
t

ωp
′
(B(xB , s))

s(n−α+1)p′
ds

s
.
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Therefore, we get

∞∫
t

ωp
′
(B(xB , s))

s(n−α+1)p′
ds

s
≤ Cω

p′(B(xB , t))

t(n−α+1)p′
,

which implies (3.2) for ϕ(t) = ωp
′
(B(xB , t)) and r = (n − α + 1)p′. Then, an

application of Lemma 3.3 completes the proof of (3.11). Conversely, if (3.11) holds,

by setting θ = 2 we get that ωp
′

satisfies a doubling condition. Therefore for a ball
B = B(xB , t), we have∫

CB

ωp
′
(x)

|xB − x|(n−α+1)p′
dx

1/p′

=

 ∞∑
k=0

∫
2kt<|xB−x|<2k+1t

ωp
′
(x)

|xB − x|(n−α+1)p′
dx


1/p′

≤ C
( ∞∑
k=0

ωp
′ (
B(xB , 2

kt)
)

(2kt)(n−α+1)p′

)1/p′

≤ C
(
ωp
′
(B)
)1/p′

|B|α/n−1/n−1

( ∞∑
k=0

2−kε

)1/p′

≤ Cω(B)|B|−1|B|−1/p+α/n−1/n.

This proves (3.10). Now let us assume (3.11). Then

ωp
′
(B(xB , θt))

|B(xB , θt)|
≤ Cθ(n−α+1)p′−n−ε ω

p′(B(xB , t))

|B(xB , t)|

≤ Cθn(p′−1)+(1−α)p′−ε
(
ω(B(xB , t))

|B(xB , t)|

)p′
,

which implies (3.12). Finally, taking θ = 1 in (3.12), we have that ω satisfies a
reverse-Hölder inequality. On the other hand, from (3.12) and the Hölder inequality
the estimate in (3.11) holds. This complete the proof of the lemma. ♦

The following lemmas prove that for a fixed α, the set of p for which a given
weight belongs to H(α, p) is an open interval.

(3.13) Lemma. Let ω be in H(α, p), 1 < p <∞. Then there exists δ0 ∈ (0, 1) such
that ω belongs to H(α, (p′δ)′) for any δ0 ≤ δ ≤ 1.

Proof. For any δ ∈ (0, 1), from the Hölder inequality and Lemma 3.9, we have(
ωp
′δ(B(xB , θt))

|B(xB , θt)|

)1/p′δ

≤ Cθn/(p
′δ)′−α+1−ε̃/(p′δ)ω(B(xB , t))

|B(xB , t)|

for every ball B(xB , t) in Rn and for all θ ≥ 1, where

ε̃ = p′δ(ε/p′ − n(1/p+ 1/p′δ − 1)).
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Now, choosing δ sufficiently close to one, we get ε̃ > 0. Thus, by Lemma 3.9 again,
we obtain that ω is in H(α, (p′δ)′). ♦

(3.14) Lemma. Let ω be in H(α, p), 1 < p < ∞. Then there exist τ0 > 1 such
that ω belongs to H(α, (p′τ)′) for any 1 ≤ τ ≤ τ0.

Proof. From Lemma 3.8 and by Lemma 2 (p. 268) in [G], there exist τ0 > 1 and a
positive constant C such that for any 1 ≤ τ ≤ τ0 1

|B|

∫
B

ωp
′τ

1/(p′τ)

≤ C

 1

|B|

∫
B

ωp
′

1/p′

≤ Cω(B)

|B|

for every ball B in Rn. Thus, for a given ball B = B(xB , t), by Lemma 3.7 and the
H(α, p) condition, we have

∫
Rn−B

ωp
′τ (x)

|xB − x|(n−α+1)p′τ
dx =

∞∑
k=0

∫
2kt≤|xB−x|≤2k+1t

ωp
′τ (x)

|xB − x|(n−α+1)p′τ
dx

≤
∞∑
k=0

(2kt)−(n−α+1)p′τ

∫
|xB−x|≤2k+1t

ωp
′τ (x) dx

≤ C
∞∑
k=0

(2k+1t)n(1−τ)

(2kt)−(n−α+1)p′
∫

|xB−x|≤2k+1t

ωp
′
(x) dx


τ

≤ C
∞∑
k=0

(2k+1t)n(1−τ)

 ∫
2kt≤|xB−x|≤2k+1t

ωp
′
(x)

|xB − x|(n−α+1)p′
dx


τ

≤ C|B|1−τ
 ∫
Rn−B

ωp
′
(x)

|xB − x|(n−α+1)p′
dx

τ

≤ C

(
ω(B)

|B|

)p′τ
|B|p′τ(−1/(p′τ)′+α/n−1/n) .

This completes the proof of the lemma. ♦

(3.15) Lemma. Let 1 < p1 < p2 ≤ ∞. Assume that ω ∈ H(α, pi) for i = 1, 2.
Then ω ∈ H(α, p) for every p such that p1 < p < p2.

Proof. Let θ ∈ (0, 1) and 1/p = θ/p1 + (1− θ)/p2. Then 1/p′ = θ/p′1 + (1− θ)/p′2,
where p′ = p/(p− 1) and p′i = pi/(pi − 1) for i = 1, 2. Since ω ∈ H(α, pi), by the
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Hölder inequality, we have ∫
Rn−B

ωp′(y)

|xB − y|(n−α+1)p′

1/p′

=

 ∫
Rn−B

ωθp′(y)

|xB − y|(n−α+1)θp′
ω(1−θ)p′(y)

|xB − y|(n−α+1)(1−θ)p′ dy

1/p′

≤

 ∫
Rn−B

ωp1 ′(y)dy

|xB−y|(n−α+1)p′1

θ/p′1
 ∫
Rn−B

ωp2 ′(y)dy

|xB−y|(n−α+1)p′2

(1−θ)p′2

≤
(
|B|−1/n+α/n−1/p1−1ω(B)

)θ (
|B|−1/n+α/n−1/p2−1ω(B)

)1−θ

= |B|−1/n+α/n−1/p−1ω(B),

which proves that ω ∈ H(α, p).♦

(3.16) Examples of weights in H(α, p). It is easy to check that weights ω such

that ωp
′ ∈ A1, are in H(α, p). However, the weights w(x) = |x|β with β ∈ (0, n/p−

α + 1) do not belong to A1 but, using (3.9), it is easy to check that they are in
H(α, p).

Let 0 < α < 1 and p′ > n/(1 − α). The weights ω such that ωp
′ ∈ Ap′+1 are

in H(α, p). In fact, given a ball B and θ ≥ 1, ωp
′ ∈ Ap′+1 and Hölder inequality

imply (
ωp
′
(θB)

|θB|

)1/p′

≤ C
|θB|

ω−1(θB)
≤ C

θn |B|
ω−1(B)

≤ Cθn
ω(B)

|B| = Cθn/p−α+1−ε/p′ω(B)

|B| ,

where ε = p′(1− α− n/p′) > 0. From Lemma 3.9, we get ω ∈ H(α, p). ♦

4. Proofs of the main results

We start by proving some technical lemmas needed in the proof of our main
results.

(4.1) Lemma. Let w be a weight satisfying a reverse Hölder condition with expo-

nent p′, 1 < p < ∞. Let f belong to the weak weighted Lp-space L̃pw. Then, there
exists a constant C, independent of f , such that∫

B

|f(x)| dx ≤ C w(B)

|B|1/p [f ]p,w

for every ball B in Rn.
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Proof. Given a ball B, since ω ∈ RH(p′), by Lemma 2 (p. 268) in [G], there exist
δ > 0 and a constant C such that 1

|B|

∫
B

ωp
′+δ(x)dx

1/(p′+δ)

≤ Cω(B)

|B| .

Therefore, by the Hölder inequality, we get

∫
B

|f(x)| dx ≤

∫
B

ωp
′+δ(x)dx

1/(p′+δ)∫
B

(
|f(x)|
ω(x)

)(p′+δ)′

dx

1/(p′+δ)′

≤ C ω(B)

 1

|B|

∫
B

(
|f(x)|
ω(x)

)q
dx

1/q

,

(4.2)

where q = (p′ + δ)′. Let a be a constant to be determined later. We now estimate

∫
B

(
|f(x)|
ω(x)

)q
dx ≤ q

a∫
0

tq−1|{ |f |ω > t} ∩B| dt+ q

∞∫
a

tq−1|{ |f |ω > t}| dt

≤ |B|aq + q[f ]pp,ω

∞∫
a

tq−p−1dt

= |B|aq + q[f ]pp,ω
aq−p

p− q ,

because q < p. Thus, choosing a = [f ]p,ω|B|−1/p, we obtain∫
B

(
|f(x)|
ω(x)

)q
dx ≤ C|B|1−q/p[f ]qp,ω.(4.3)

Thus, from (4.2) and (4.3), the conclusion of the lemma follows. ♦

(4.4) Lemma. Let ω be in H(α, p), 1 < p < ∞. Let f belong to L̃pω. Then, there
exists a constant C, independent of f , such that∫

Rn−B

f(y)

|xB − y|n−α+1
dy ≤ C ω(B)

|B|1+1/n+1/p−α/n [f ]p,ω

for every ball B = B(xB , t) in Rn.

Proof. Let a be a constant to be determined later. Let us denote

fa = f χ{ |f|ω >a} and fa = f − fa.
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Then, for a ball B with center xB , we have∫
Rn−B

f(y)

|xB − y|n−α+1
dy

=

∫
Rn−B

fa(y)

|xB − y|n−α+1
dy +

∫
Rn−B

fa(y)

|xB − y|n−α+1
dy

= I1 + I2.

Let us first estimate I1. Since ω is in H(α, p), by Lemma 3.14, there exists τ > 1
such that ω ∈ H(α, q1) with q1 = (p′τ)′ < p. Then, applying the Hölder inequality,
we get

|I1| ≤

 ∫
Rn−B

ωq
′
1(y)

|xB − y|(n−α+1)q′1
dy

1/q′1
∫
Rn

∣∣∣∣fa(y)

ω(y)

∣∣∣∣q1 dy

1/q1

≤ C
ω(B)

|B|1+ 1
n+ 1

q1
−αn

q1 ∞∫
0

sq1−1|{| f
a

ω | > s}| ds

1/q1

≤ C
ω(B)

|B|1+ 1
n+ 1

q1
−αn

aq1 |{| faω | > a}|+ q1[f ]pp,ω

∞∫
a

sq1−p−1 ds

1/q1

≤ C
ω(B)

|B|1+ 1
n+ 1

q1
−αn

(aq1−p) [f ]pp,ω)1/q1 .

(4.5)

On the other hand, by Lemma 3.13, there exists 0 < δ < 1 such that ω ∈ H(α, q2)
with q2 = (p′δ)′ > p. Thus, by the Hölder inequality, it follows that

|I2| ≤

 ∫
Rn−B

ωq
′
2(y)

|xB − y|(n−α+1)q′2
dy

1/q′2
∫
Rn

∣∣∣∣fa(y)

ω(y)

∣∣∣∣q2 dy

1/q2

≤ C
ω(B)

|B|1+1/n+1/q2−α/n

 a∫
0

sq2−1|{ |f |ω > s}| ds

1/q2

≤ C
ω(B)

|B|1+1/n+1/q2−α/n
(
aq2−p[f ]pp,ω

)1/q2
.

(4.6)

Now, choosing a = [f ]p,ω|B|−
1
p , from (4.5) and (4.6) the proof of the lemma is

complete. ♦

(4.7) Lemma. Let α ∈ R+ and δ ≥ 0 be such that 0 < α + δ < 1. Let ω be a
weight satisfying a doubling condition. If f belongs to Lω(δ/n), then there exists a
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constant C such that∫
Rn−B

|f(y)−mBf |
|xB − y|n+1−α dy ≤ C||f ||Lω(δ/n)

∫
Rn−B

ω(y)

|xB − y|n+1−α−δ dy

for every ball B in Rn.

Proof. Given a ball B = B(xB , R), letting Bj = 2jB, since ω satisfies a doubling
condition, we have∫

Rn−B

|f(y)−mBf |
|xB − y|n+1−α dy

≤ C |B|α−1
n

∞∑
j=0

2j(α−1) 1

|Bj+1|

∫
Bj+1−Bj

|f(y)−mBf |dy

≤ C |B|
α−1
n

∞∑
j=0

2j(α−1)

j+1∑
k=0

1

|Bk|

∫
Bk

|f(y)−mBkf |dy

≤ C ||f ||Lω(δ/n)|B|
α−1
n

∞∑
j=0

2j(α−1)

j+1∑
k=0

ω(Bk)

|Bk|1−
δ
n

≤ C ||f ||Lω(δ/n)|B|
α−1
n

∞∑
k=0

ω(Bk)

|Bk|1−
δ
n

2k(α−1)

≤ C ||f ||Lω(δ/n)

∫
Rn−B

ω(y)

|xB − y|n+1−α−δ dy,

as we wanted to prove. ♦

The results obtained in §3 and the above lemmas give us the needed tools to
proceed with the proofs of theorems we stated in §2.

Proof of Theorem 2.5. Clearly (2.7) implies (2.6). Assuming (2.8), we shall prove

(2.7). In order to extend Iα to an operator Ĩα, we first note that if f belongs to

L̃pω and has compact support, then from Lemma 4.1 it follows easily that Iαf(x)
is finite for almost every x in Rn. Now, letting χB(0,1)(y) denote the characteristic
function of the unit ball, the operator

Ĩαf(x) =

∫
Rn

[
1

|x− y|n−α −
1− χB(0,1)(y)

|y|n−α

]
f(y)dy

is well defined for every f in L̃pω. In fact, for a ball B = B(xB , r) with B̃ = 2B, we
set

aB =

∫
Rn

(
1− χB̃(y)

|xB − y|n−α
−

1− χB(0,1)(y)

|y|n−α

)
f(y) dy.

The expression in parentheses is bounded and behaves like |xB−y|−n+α−1 for large
y. Then, since ω is in H(α, p), applying Lemmas 4.1 and 4.4, we get that aB is
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finite. Thus, if we are able to show that

I(x) =

∫
B̃

f(y)

|x− y|n−α dy +

∫
Rn−B̃

(
1

|x− y|n−α −
1

|xB − y|n−α

)
f(y)dy

= I1(x) + I2(x).

satisfies the inequality∫
B

|I(x)| dx ≤ C|B|α/n−1/pω(B)[f ]p,ω,

then, since by breaking the integral defining aB into the sum of the integrals over

B̃ and its complement it is easy to check that

Ĩαf(x) = aB + I(x),

we get that Ĩαf is finite for almost every x in B and∫
B

|Ĩαf(x)− aB|dx ≤ C|B|α/n−1/pω(B)[f ]p,ω,

which implies (2.7). Let us first estimate I1(x). From Tonelli’s Theorem and
Lemma 4.1, we obtain∫

B

|I1(x)| dx ≤ C|B|α/n−1/pω(B)[f ]p,ω .

On the other hand, by Lemma 4.4, for each x ∈ B, we have

|I2(x)| ≤ C|B|1/n
∫

Rn−B̃

f(y)

|xB − y|n−α+1
dy

≤ C|B|−1−1/p+α/nω(B)[f ]p,ω.

When we combine these estimates, the inequality for I(x) follows immediately.
Finally, let us show (2.6) implies (2.8). First, for a ball B = B(xB , R) in Rn and

for x̃B = xB − R
3
√
n

(1, 1, ..., 1), we consider the following three regions:

A = {xB + h with h ∈ Rn/|h| ≥ R and hi ≥ 0, i = 1, ..., n};

B1 = B(xB ,
R

6
√
n

) ∩ {xB + h with h ∈ Rn/ hi ≤ 0, i = 1, ..., n};

B2 = B ∩ {x̃B + h with h ∈ Rn/ hi ≤ 0, i = 1, ..., n}.
Clearly, we have the estimates

|B1| = 2−n |B(xB ,
R

6
√
n

)| = C(n)Rn = C(n)|B|,

|B2| ≥ 2−n |B(x̃B ,
2
3R)| = C(n)Rn = C(n)|B|,

dist(B1, B2) ≥ R(1
3 −

1
6
√
n

) = C(n) |B| 1n .
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Then, for y ∈ A, x ∈ B1 and z ∈ B2, applying the mean value theorem and
denoting the angle between two vectors u and v by (û, v), we get

1

|x− y|n−α −
1

|z − y|n−α = (−n+ α)
cos ̂(w − y, x− z)

|w − y|n−α+1
|x− z|,

where w is a point in the segment conecting x and z. Under these conditions,

it follows that there exists θ = θ(n) ∈ (
π

2
, π) such that ( ̂w − y, x− z) ≥ θ, and,

consequently, − cos( ̂w − y, x− z) ≥ C = C(n). Therefore, for y ∈ A, x ∈ B1 and
z ∈ B2, since |w − y| ≤ 2|xB − y|, we have

1

|x− y|n−α −
1

|z − y|n−α ≥ C
|x− z|

|w − y|n−α+1
≥ C|B|1/n
|xB − y|n−α+1

.(4.8)

Now, given a ball B and a non negative function fm with support in Am =
A ∩B(0,m), m ∈ N, from (1.1) with β = α/n− 1/p and (4.8), we get

||Iαfm||Lω(β)

≥ |B|
1/p−α/n−1

ω(B)

∫
B2

∫
B1

∣∣∣∣∣∣
∫
Am

fm(y)( 1
|x−y|n−α −

1
|z−y|n−α ) dy

∣∣∣∣∣∣ dx dz
≥ C |B|

1+1/p−α/n+1/n

ω(B)

∫
Am

fm(y)

|xB − y|n−α+1
dy.

(4.9)

Thus, taking

fm(y) =
ωp
′
(y)

|xB − y|
n−α+1
p−1

χAm(y)

in (4.9), using (2.6) and letting m→∞, we have that

|B|(1/p−α/n+1/n)p′
∫
A

ωp
′
(y)

|xB − y|(n−α+1)p′
dy ≤ C

(
ω(B)

|B|

)p′
.

Let us observe that A is the complement of B relative to the first quadrant of the
Cartesian system with center at xB . Proceeding as above, with the complement
of B with respect to the other quadrants, we get similar estimates for each of
these regions. By adding all these inequalities we conclude that ω is in H(α, p),
completing the proof of the theorem. ♦

Proof of Theorem 2.9. Assume (2.11). First we shall see that Iα can be extended

to an operator Ĩα defined on Lω(0). Since

∫
B(0,1)

 ∫
B(x,R)

ω(y)

|x− y|n−α dy

 dx ≤
∫

B(0,R+1)

ω(y)

 ∫
B(0,1)

dx

|x− y|n−α

 dy

≤ C(n, α)

∫
B(0,R+1)

ω(y)dy <∞
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for every R ∈ R+, we can choose x0 ∈ B(0, 1) such that

∫
B(x0,R)

ω(y)

|x0 − y|n−α
dy <∞ for every R ∈ R+.(4.10)

Thus, for x0 as above, we set

Ĩαf(x) =

∫
Rn

(
1

|x0 − y|n−α
− 1

|x− y|n−α

)
f(y) dy.(4.11)

Since the expression in parentheses has null integral over Rn as a function of y,
for B = B(x0, R), we get

Ĩαf(x) =

∫
Rn

(
1

|x0 − y|n−α
− 1

|x− y|n−α

)
(f(y)−mBf) dy

= I1(x) + I2(x),

where I1 is the integral over the ball B and I2 is the integral on the complement
of B. Let us first estimate I1 for x ∈ B(x0, R). We set B̃ = B(x, 2R). Since, by
Lemma 3.7, ω satisfies a doubling condition, we have

|I1(x)| ≤
∫
B

|f(y)−mBf |
|x0 − y|n−α

dy +

∫
B̃

|f(y)−mBf |
|x− y|n−α dy

≤
∫
B

|f(y)−mBf |
|x0 − y|n−α

dy +

∫
B̃

|f(y)−mB̃f |
|x− y|n−α dy

+C||f ||Lω(0)|B|α/n−1ω(B).

Both integrals can be estimated in exactly the same way, so we do only the first
one. Thus, denoting Bk = 2−kB, k ∈ N, we get
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∫
B

|f(y)−mBf |
|x0 − y|n−α

dy ≤ C|B|αn
∞∑
k=0

2−kα|Bk|−1

∫
Bk−Bk−1

|f(y)−mBf |dy

≤ C|B|αn
∞∑
k=0

2−kα
k∑
j=0

|Bj |−1

∫
Bj

|f(y)−mBj f |dy

≤ C||f ||Lω (0)|B|
α
n

∞∑
k=0

2−kα
k∑
j=0

|Bj |−1ω(Bj)

≤ C||f ||Lω(0)|B|
α
n−1

∞∑
j=0

2jnω(2−jB)
∞∑
k=j

2−kα

≤ C||f ||Lω (0)|B|
α
n−1

∞∑
j=0

2−jn(αn−1)ω(2−jB)

≤ C||f ||Lω (0)

∫
B

ω(y)

|x0 − y|n−α
dy .

Therefore

I1 ≤ C||f ||Lω(0)

∫
B

ω(y)

|x0 − y|n−α
dy +

∫
B̃

ω(y)

|x− y|n−α dy

 .(4.12)

Next, let us estimate I2. Applying the mean value theorem and Lemma (4.7) with
δ = 0, since ω ∈ H(α/n,∞), we have

I2 ≤ C|B| 1n
∫
Rn−B

|f(y)−mBf |
|x0 − y|n+1−α dy

≤ C||f ||Lω(0)|B|
1
n

∫
Rn−B

ω(y)

|x0 − y|n+1−α dy

≤ C||f ||Lω(0)|B|
α
n−1ω(B)

≤ C||f ||Lω(0)

∫
B

ω(y)

|x0 − y|n−α
dy .

(4.13)

By integrating on B(x0, R), from (4.10), (4.12) and (4.13), we obtain that the

function Ĩαf(x) is finite for almost every x in B(x0, R). Then, since Rn =⋃
R∈Q+ B(x0, R), we can conclude that Ĩαf(x), given in (4.11), is finite for almost

every x ∈ Rn.
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Now, in order to prove the boundedness of Ĩα we observe that by Proposition
1.3 and (3.8) it is enough to get for Iαf a pointwise estimate as in (1.6). Given x1

and x2 in Rn with x1 6= x2 and B = B(x1,2|x1 − x2|), since the kernel of Ĩαf(x)
has a null integral, we have

|Ĩαf(x1)− Ĩαf(x2)| ≤
∫
Rn

| 1

|x1 − y|n−α
− 1

|x2 − y|n−α
| |f(y)−mBf | dy

= I1 + I2,

where I1 is the integral on B and I2 is the integral on the complement of B. Thus,
proceeding in a similar way as in (4.11) and (4.13), we get that

|Ĩαf(x1)− Ĩαf(x2)|

≤ C||f ||Lω(0)

 ∫
B(x1,2|x1−x2|)

ω(y)

|x1 − y|n−α
dy +

∫
B(x2,2|x1−x2|)

ω(y)

|x2 − y|n−α
dy

 ,

as we wanted. Next, to prove (2.10) implies (2.11), let us proceed as in the proof
of Theorem 2.5.

Choose the same sets A, B1 and B2 for a ball B in Rn. Then, for m ∈ N, taking
fm(y) = ω(y)χAm(y), with Am = A ∩B(0,m), we get

||Ĩαfm||Lω(α/n) = ||Iαfm||Lω(α/n)

≥ C |B|
1+1/n−α/n

ω(B)

∫
Am

ω(y)
|xB−y|n−α+1dy.

Since ||fm||Lω(0) ≤ 2, from (2.10) we have

|B|1/n−α/n
∫
Am

ω(y)

|xB − y|n−α+1
dy ≤ Cω(B)

|B| .

Thus, letting m → ∞ and arguing as in Theorem 2.5, we obtain w ∈ H(α,∞).
This complete the proof of the theorem. ♦

Proof of Corollary 2.12. Let us show (2.13) implies (2.14). First, since ω ∈ H(δ,∞),
from Theorem 2.9, we have Iδ(L

∞
c,ω) ⊂ Lω(δ/n). On the other hand, by (0.2), we

get

|Iα(Iδ(g))(x)| = |Iα+δ(g)(x)| <∞ a.e.

for every g in L∞c,ω. Then, the operator Ĩα agrees with Iα on Iδ(L
∞
c,ω). Finally, from

this fact, (2.13) and Theorem 2.9, for f ∈ L∞c,ω, we have that

||Ĩα(Iδf)||Lω((δ+α)/n) = ||Iα+δ(f)||Lω((δ+α)/n)

≤ C||Ĩδf ||Lω(α/n)

≤ C||f ||Lω(0).

Thus, proceeding as in the proof of (2.11), from (2.10) we get (2.14). Now, assume
(2.14). Clearly this implies ω ∈ H(δ,∞). Arguing as above, we have Iδ(L

∞
c,ω) ⊂
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Lω(δ/n) and Iα is defined on this set. In order to obtain an extension to all Lω(δ/n),
we choose a point x0 as in (4.10) but replacing α by α + δ. Then, proceeding as
in the proof of (2.10) in Theorem 2.9 but using (2.14) instead of (2.11), we define

the extended operator Ĩα as in (4.11). The boundedness of this operator follows
from an argument quite similar to that used in the proof of (2.10), but applying
this time (2.14) instead of (2.8). ♦
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