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BOUNDEDNESS OF THE FRACTIONAL INTEGRAL ON
WEIGHTED LEBESGUE AND LIPSCHITZ SPACES

ELEONOR HARBOURE, OSCAR SALINAS, AND BEATRIZ VIVIANI

ABSTRACT. Necessary and sufficient conditions are given for the fractional
integral operator I, to be bounded from weighted strong and weak LP spaces
within the range p > n/a into suitable weighted BMO and Lipschitz spaces.
We also characterize the weights for which I, can be extended to a bounded
operator from weighted BMO into a weighted Lipschitz space of order a.
Finally, under an additional assumption on the weight, we obtain necessary
and sufficient conditions for the boundedness of I, between weighted Lipschitz
spaces.

0. INTRODUCTION

A nonnegative function w defined on R" is called a weight if it is locally inte-
grable. We denote by |E| the Lebesgue measure of E, and w(E) = [, w(z)dz.
Given a ball B, B will mean the ball with the same center as B and with radius
0 times as long. Throughout this paper, the letter C' will denote a constant not
necessarily the same at each occurrence.

A weight w is said to belong to the Muckenhoupt class 4,, 1 < p < oo, if there
exists a constant C' such that

w(B) ()"
<C
| B| | B| -

for every ball B C R™. The class A; is defined replacing the above inequality by

-1 w(B)
w XB T S C)
[
where A'p is the characteristic function of the ball B. We shall say that a weight
w satisfies a doubling condition if there exists a constant C' such that

w(2B) < Cw(B)

Received by the editors June 26, 1995.

1991 Mathematics Subject Classification. Primary 42B25.

Key words and phrases. Fractional integral, weighted Lebesgue and Lipschitz spaces, weighted
BMO.

The authors were supported by the Consejo Nacional de Investigaciones Cientificas y Técnicas
de la Republica Argentina and by the Universidad Nacional del Litoral, CAI4+D Program.

©1997 American Mathematical Society

235



236 ELEONOR HARBOURE, OSCAR SALINAS, AND BEATRIZ VIVIANI

for every ball B C R™. Given p > 1, we shall say that w € RH(p), if w satisfies a
reverse Holder condition with exponent p, that is,

(57) "<

for every ball B C R™.
By LP and LP we mean the usual strong and weak Lebesgue spaces on R"™, and
we denote by |||, , respectively [],, the corresponding norms, that is,

Hfl\i:/lf(x)lpdx and [fﬁ:iglg H{z/f(z) > t}].
R
We shall denote by LY, the class of functions f such that |f[[, , = [|f/w]|, is
finite. Similarly, we shall say that f belongs to LP, if [f]pw = [f/w]p is finite.
Finally, the Lipschitz space A(6), 0 < § < 1, is the class of functions f satisfying
F@) = W) < Cle—y|".

We consider the fractional integral operator I, 0 < o < n, defined by

0.1) (@) = [ 1) o=y dy,

R
whenever this integral is finite. Clearly, if f belongs to L = {g : g is a bounded
function with compact support}, then the integral in (0.1) is finite for every z.
Moreover, for f in Lg,, that is f/w € L, it is easy to check that the integral in
(0.1) is finite for almost every x € R™. In fact, letting By = B(0, Ry) be such that
supp f C Bp and R > 0, we have

[ mt@ide <l [ [e@ie-u "y | i

B(0,R) B(0,R) \By

<Ml few | [ gt | a

Bo B(z,Ro+R)

< Cla, Ro, R)w(Bo) || f /wll o -

Thus, I, f(x) is finite for almost every x € B(0, R), and, consequently, for almost
every x € R™.

For 1 <p <n/aand 1/q=1/p— a/n, Muckenhoupt and Wheeden in [M-W1]
characterize the non negative functions v for which the inequality

( / |Iaf|qv—q)l/q <c ( / |f|%-P)l/p
(§]

holds, as those belonging to the class A(p, q), i.e.
—q 1/q p! 1/pr
(v (B)) (v (B)> <C
1B 1B
holds for any ball B C R™ and p’ = p/(p —1). It is easy to see that v € A(p,q)
if and only if P e Ai4p/q- For the limiting case p = n/a and g = oo, they also
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characterize the weights satisfying the inequality

1
(0.3) o). 5 [ 1t @) = mo () do < €11,
B

as the weights belonging to A(n/a, 00), that is, v(*/®" € A;. Here mg(g) denotes
the average ﬁ fQ g(x)dz. This inequality may be viewed as the boundedness of I,
from L, /4, into a weighted version of BM O, the space of functions with bounded
mean oscillation.

In this work we give necessary and sufficient conditions on the weights for the
boundedness of the fractional integral operator I, from weighted L?, and L?, n/a <
p < n/(a—1)T, into suitable weighted BMO and Lipschitz spaces. Actually, for
the case p = n/a a slightly more general result is obtained here than that stated in
(0.3) (see Remark 2.15). We also and the boundedness characterize the weights
for which I, can be extended to a bounded operator from weighted BMO into a
weighted Lipschitz space of order a. Finally, under an additional assumption on
the weight, we obtain necessary and sufficient conditions for the boundedness of I,
between weighted Lipschitz spaces. For the unweighted case, the results contained
in this paper have been established in different settings by several authors, see for
instance [Z], [S-Z], [G-V] and [H-S-V].

The paper is organized as follows. In §1 we define the family of spaces used
throughout the work and derive some basic properties. The main results of the
paper, concerning the boundedness of fractional integrals, are stated in §2. 1In §3,
we study the basic properties of the class of weights related to the inequalities given
in §2. Finally, in §4, we prove the weighted inequalities stated in §2.

1. THE SPACES L, () AND L, (f)

We start by giving two possible weighted versions of the spaces £, x, for p =1,
considered by Peetre in [P].

(1.1) Definition. Let w be a weight and —1 < 8 < 1/n. We say that a locally
integrable function f belongs to L,(0) if there exists a constant C' such that

|B|B /|f —mafldr < C

for every ball B C R™. The least constant C' satisfying this inequality will be
denoted by [ f[lz(s)-

(1.2) Definition. Let —1 < 3 < 1/n, and let w be a weight. We denote by L, (3)
the space of the locally integrable functions f such that the inequality

— 1+ﬁ/|f —mpflde <C
(w 1+6
holds for a fixed constant C' and for every ball B C R™. The least constant C will
be called Hf”Zw(ﬁ) .

Let us observe that for 3 = 0, both of the spaces £, (3) and L, (3) coincide
with one of the versions of weighted bounded mean oscilation space, introduced
by Muckenhoupt and Wheeden in [M-W2]. Moreover, for the case w = 1, both
Definitions 1.1 and 1.2 give the known Lipschitz integral spaces for § in the range
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0<p < 1/n, and the Morrey spaces, for —1 < 3 < 0. Also, we notice that the
spaces L(3), 0 < 3 < 1/n, are the duals of the weighted Hardy spaces HY, with
p= ﬁ, introduced by Garcia Cuerva in [GC].

The following propositions establish the relationships between the spaces L., (0)
and L, (8) and some useful properties of them.

(1.3) Proposition. Let 0 < 8 < 1/n, and let w be a weight. Then

(1.4)  The space L.(B) is contained in L,(3). If /08 € RH(1 + 3), then
L,(B) = Lu(B).

(1.5) If w satisfies a doubling condition, the space L,(8) coincides with the point-
wise version A, (nfB) consisting of all the functions f such that there exists a con-
stant C' satisfying

1) If@ - fwi<c| [ %dw / %d
B(z,2|z—yl) B(y.2|lz—y|)

for almost every x and y in R™. In particular, for the case w = 1, we obtain that

f € L,(B) if and only if f € A(nB).

Proof. That L, (8) C L,(3) follows directly from the Holder inequality, and the
other inclusion is also inmediate from our assumption that w'/1+%) ¢ RH(1 + 3).

In order to prove (1.5), we first check (1.6) for f in £,(8). Given z and y in
R™ x # vy, take B = B(z, |z —y|) and B’ = B(y, |z —y|). Then

|f(@) = f)| < |f (@) = mpfl+|f(y) = mp fl+ |mp f —mpfl.

We estimate only the first term of the right side, since the others follow similar
lines. Letting B; = B(x,2 ")z — y|) for i > 1 and By = B, and using the doubling
condition, we get

m—1
[f(@) =mpfl < lim (|f(z) =mp, fl+ Y |Imp,. f—ms,f|)
1=0
<Cy B! / f(2) = mp, fl dz < C||fllc.) > |Bil?w(Bi)
1=0 B, 1=0

e w(z
<Clfllea Y / —|z_g£|n)—ﬁndz

=0 Bi—Bit1
w(z
S

B(z,2|z—yl)

for almost every = in R™.
Conversely, integrating (1.6) on a ball B with respect to both variables, z and

y, and interchanging the order of integration, we obtain that f belongs to L, (3).
This completes the proof of (1.5). &

(1.8) Proposition. Let w be a weight and —1 < 3 < 0. Then

(1.9)  The space L., (B) is contained in L, (3). If, in addition, w € RH(1/(1+ 3)),
then L, (8) = L, (B).
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(1.10) The Lebesgue space LoY? s contained in L,(B).

Proof. First, let us prove (1.9). Since 0 < 1 + 3 < 1, the inclusion of £, (3) in
L., (3) follows, as in (1.4), by using the Holder inequality with exponent 1/(1 + 3).
The other inclusion is a consequence of the fact that w € RH(1/(1+ 3)). Now, let
us show (1.10). Let f € LY, with ¢ = —1//3. The Holder inequality implies that

|

f(x) —mpfldz < 2/%0}(:5%&

B B
q 1/q
dw) /w(x)q'dx
B

(/5
[ 1@ = maflds <2100y (w7 8)
B

1/q/

Since ¢’ = (—=1/8)' = 1/(1 + B), we get that

as we wanted to prove. <

2. RESULTS ON THE BOUNDEDNESS OF I,

We now introduce two classes of weights which appear in connection with the
spaces L, (03) and L, (53), and the boundedness of the operator I,.

(2.1) Definition. Let 0 < a < nand 1 < p < co. We say that w € H(«, p) if there
exists a constant C' such that
1/p'

—a/ntl/n wp,(y) w(B)
(2.2) |B|M/Pmo/n / dy <o
 Jam — gl g

R™ —

for every ball B C R, where zp is the center of the ball B and p’ =p/(p —1). In
the case p = 00, (2.2) should be understood to mean

—/n n B
e [ gy <ot
B |~”CB - 3/| |B|

We denote this class by H(a, 00).
(2.3) Definition. Let 0 < @ < n, 1 < p < oo and 8 = a/n —1/p. We define

H(a,p) as the class of weights w such that there exists a constant C' satisfying
/v

/ 1 1+
P T
(2.4)  |B|V/relntiin / L) <C<w +7 (B))

o —y| -\ B

R"—B

for every ball B = B(xp,R) in R” and p’ = p/(p — 1). The class H(a,o0) is
defined by taking 1/p =0, p’ =1 and § = «a/n in (2.4).

In the case n/a < p < oo, by using Holder inequality, it is easy to see that
H(a,p) C H(a,p). Moreover, if w0 ¢ RH(1 + ) with 8 = a/n — 1/p, both
classes are the same. In a similar way, when 1 < p < n/a, we clearly have that
H(a,p) C H(a,p), and both classes coincide whenever w € RH(1/(1 4+ f3)).

We also note that for p = co and n = 1, the class H(«, o) agrees with one of the
classes B, considered by Muckenhoupt in [M] and earlier in [H-M-W]. It is known
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(see [F-M]) that there exist weights in B, which are not in Ay, and, consequently,
weights in B, do not necessarily satisfy any reverse-Holder condition.

Even though we will restrict our attention in this paper to the boundedness of
I, involving the spaces L, () and the corresponding classes H («, p), similar results
to those stated in Theorem 2.5 below can be obtained for the spaces £(3) and the
classes H(a, p).

Now we are in the position to state our main results

(2.5) Theorem. Let 0 < a < n, 1 <p <nf/(a—=1)" and 8 = a/n —1/p. The
following statements are equivalent:

(2.6) The operator I, can be extended to a bounded linear operator I, from LP
into L,(08) by means of

I.f(x) = / { L1z xeen®) g,

|z —y|n—e y|n—e

Rn

(2.7) The operator I, can be extended to a bounded linear operator I, from Zf)
into L,(8), where I, is defined as in (2.6).

(2.8) The weight w belongs to H(«, p).

(2.9) Theorem. Let w be a weight and 0 < o < 1. The following conditions are
equivalent:

(2.10)  The operator 1, can be extended to a bounded linear operator I, from L.,(0)
into L,(a/n) by means of

ot = [ (G ~ s 0

R

for an appropiate choice of x¢g € R™.
(2.11) The weight w belongs to H(a, 00).

(2.12) Corollary. Let o, § € R" such that 0 < a+ 6 < 1. The following condi-
tions are equivalent:

(2.13) The weight w belongs to H(6,00) and the operator I, can be extended to a
bounded linear operator I, from L,(6/n) into L,((a 4 6)/n).

(2.14) The weight w belongs to H(« + 6, 00).

(2.15) Remark. We note that for w = 1, Theorem 2.5 gives, in particular, the
classical results:

~ n n
IaZLpHA(ﬁ), a<p<m,

and
I, : L' — BMO.
For general w and p = n/a (i.e. 8 = 0) the space L£,(0) provides a weighted
version of BM O larger than the one used by Muckenhoupt and Wheeden in [M-W1].
However, for the class of weights they obtained, that is w#-= € A;, both spaces

coincide. When 1 < p < n/a (i.e. 8 <0), the space L,,(3) contains the Lebesgue
space L1, 1/q = 1/p — a/n, as we showed in Proposition 1.8. Therefore, the
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analogue for £, (3) of Theorem 2.5 gives the boundedness of I, from L? into a
space larger than that in [M-W1] but, on the other hand, we obtained a larger class
of weights.

(2.16) Remark. We would like to point out that Theorem 2.9 generalizes the clas-
sical unweighted result on the boundedness of I, between BMO and the Lip-
schitz space A(a). Moreover, we note that for weights in our class the spaces
L,(8), 0 < B < 1/n, coincide with the pointwise versions given in (1.5), because,
as we shall see in the next section, they satisfy a doubling condition.

We postpone the proofs of the theorems until §4, since we need first to establish
some properties for our weights.

3. BASIC PROPERTIES OF THE WEIGHTS

In order to prove some properties for the weights introduced in §2, we need two
technical lemmas about real functions.

(3.1) Lemma. Let ¢ be a non negative and non decreasing function defined on
(0,00). If there exist two positive constants C' and r such that

(3.2) / @(sz ds < 02Y

srt tr

for every t > 0, then the function @(t)/t" is quasi-decreasing with constant equal to
C2™+L that is, for any ty < to, p(t1)/t] < C2" T p(ty)/th.

Proof. Let t1 > to. From (3.2), since ¢ is non-decreasing, we have

2t
p(t) p(t) e(s)
— 2T+1t ) <« 2r+1 7a
tr Yttt © R
ty
< 2r+10(p(t2>
> 4T

as we wanted to prove. <

(3.3) Lemma. Let ¢ be as in Lemma 3.1. Then the following conditions are equiv-
alent:

(3.4) The function ¢ satisfies (3.2).
(3.5) There exists a > 1 such that p(at) < 2 ra"p(t) for every t > 0.
(3.6) There exist two positive constants C' and € such that
p(0t) < CO™ ()
forallt >0 and all 6 > 1.

Proof. In order to prove that (3.4) implies (3.5), let a be a constant greater than
one such that log a = 2"72C2. Now, assume that there exists ¢y > 0 such that
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o(aty) > 271a"p(to). Then, from (3.4) and Lemma 3.1, we get

at()

o) o /@(ﬂds . 1 elat)
ST‘

t = C27 1 (ato)”
to
1 o(to) ¢(to)
log a = CEY
corv? gy BT E T

which is a contradiction. Let us show (3.5) implies (3.6). Let § > 1. Choosing
k € Ng such that a* < § < a¥*1, and iterating the inequality in (3.5), we have

ar i k:+1
o0 <oy < Tetatn < (F) el

IN

7’97‘
< ;k-i-l(p(t) < aT9T2_10g29/10g2a(p(t)
= a"0"p(t),

where ¢ = 1/logqa > 0, which finishes the proof of (3.6). Next, assume that (3.6)
holds. Therefore, for t > 0, we get

Tels), 1 790(%) (1) 7 o (1)

e = — VA9 < 022 < o2
/ Cds = | G <0 [ 6 dh < O,
t 1 1

which proves (3.4). ¢

In the following we will search for properties valid for the classes H(a, p) with
O<a<nand1l<p<oo.

(3.7) Lemma. Letw be a weight belonging to H(c, p). Then w?’ satisfies a doubling
condition.

Proof. Let B be a ball in R™; since w belongs to H(a, p), we have

' " (y)
B|(/p—a/nt1/n)p / w? (y d
- (e — 1+ 1Bl /myes7 2

R’Vl

w(B) P’ _ / W (y)
<o (B L pasm a/n+1/n>p/ d
() - J Tew— ol Bmm—err

’

W(B))p (1/p—1 // ’ wp,(B)
C222) +(B|We=br [ WP (y)dy < C .
(o) +1m i B

IN

B
Therefore,
w”(B)
|B|

v

P (y)
OB(l/p—a/nH/n)p// v \y d
| | (|xB_y|_|_|B|1/n)(n—oz+1)p/ Y
2B

> C|B|(W/e=r 2" (2B)

= C|B|"'w”'(2B).
This completes the proof.
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(3.8) Lemma. Let w be a weight in H(a,p), 1 < p < oo. Then w belongs to
RH(p").
Proof. Let B be a ball in R™. Since w satisfies H(«, p), applying Lemma 3.7, we
get

1/pt

p!
1/p—a/n+1/n w (y>
Cl8l / lvp — y|nmetp dy

w(B)

B

v

Y

, 1/
C|B|/7 (w”' (2B - B)) 3

’ 1/pt
w? (B)
> C )
(3.9) Lemma. For a weight w the following conditions are equivalent:

(3.10) w belongs to H(a,p).

as we wished. §

(3.11) w belongs to RH(p') and there exist two positive constants C and € such
that

w? (B(zp,0t)) < CO—tDY —<,r (B(x g, 1))
for every ball B = B(xp,t) and for all § > 1.
(3.12) There exist two positive constants C' and € such that
(w’(B(xB,et)))l/p < cgniv-a+i-e/p BB, 1))
Bz, 01)] B |B(x,1)|
for every ball B(xp,t) in R™ and for all 6 > 1.

Proof. Let us show (3.10) implies (3.11). By Lemma 3.8 w satisfies the desired
reverse-Holder inequality. On the other hand, for B = B(xpg,t), using the Holder
inequality, (3.10) and Lemma 3.7, we have

B (w(B))”'

Bl 1Bl
> ey — _Q;ZT(SC_)aH)p,dx
e
> C|B|(/p=o/n+1/n)p g@ wp( 2(3 ;zcnﬁi ﬁ;;@)
> (B(xp,s)) ds

C|B|(p-afnrijmy [ B&s,5) ds
5(”_0“"1)17/ S
t
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Therefore, we get

T (B(xp,s)) ds w? (B(zp,1))
_— <(C——F——"4
g(n—a+1)p’ s — t(n—a+l)p’

t

which implies (3.2) for () = w? (B(zp,t)) and r = (n — a + 1)p’. Then, an
application of Lemma 3.3 completes the proof of (3.11). Conversely, if (3.11) holds,
by setting § = 2 we get that wP' satisfies a doubling condition. Therefore for a ball
B = B(xp,t), we have

1/p'

WP’ (x) d

25 — alt—a ¥ D7

1/p’
o0

’
) S
B Z |rp — z|(n—atl)p’ o
k=0 5, k1
2kt<|zp—a|<2ktit

. o wp/ (B($B72kt>) 1/p’
Z (2kt)(n—a+l)p/

k=0

! 00 1/p’
<C (wpl(B)> 1/p |B|a/n—1/n—1 (Z 2_k€>

k=0
< Cw(B)|B|_1|B|_1/p+a/n_1/n.

This proves (3.10). Now let us assume (3.11). Then

wp'(B(xB,Qt)) Cptn—at1)p —n—e wp’(B(xB,t))
|B(xs,0t)]  — |B(zp,t)|

Can(p'—l)—‘—(l—oz)p'—e (w(B(xBa t)) )p
|B(wp,t)| ’

which implies (3.12). Finally, taking € = 1 in (3.12), we have that w satisfies a
reverse-Holder inequality. On the other hand, from (3.12) and the Holder inequality
the estimate in (3.11) holds. This complete the proof of the lemma.

IN

IN

The following lemmas prove that for a fixed «, the set of p for which a given
weight belongs to H(«, p) is an open interval.

(3.13) Lemma. Letw be in H(a,p), 1 < p < oo. Then there exists 6y € (0,1) such
that w belongs to H(a, (p'6)’") for any 69 < 6 < 1.

Proof. For any 6 € (0, 1), from the Holder inequality and Lemma 3.9, we have

/ 1/p's
WP (B(xp,0t)) < g/ '8 —at1-E/('9) w(B(zp,t))
|B(zs, 6t)| - |B(zp, )|
for every ball B(zp,t) in R™ and for all > 1, where

e=p'o(e/p' —n(l/p+1/p'6 = 1)).
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Now, choosing ¢ sufficiently close to one, we get € > 0. Thus, by Lemma 3.9 again,
we obtain that w is in H(a, (p'6)’"). &

(3.14) Lemma. Let w be in H(a,p), 1 < p < co. Then there exist 19 > 1 such
that w belongs to H(a, (p'T)") for any 1 < 1 < 7.

Proof. From Lemma 3.8 and by Lemma 2 (p. 268) in [G], there exist 79 > 1 and a
positive constant C' such that for any 1 <7 < 79

1/(®'7) 1/p’ B)
w(B

1 , 1 ,

— p'T <C | = P <L

|B|/ “ = |B|/ “ =B
B B

for every ball B in R™. Thus, for a given ball B = B(zp,t), by Lemma 3.7 and the
H(a,p) condition, we have

/ W' () . i / W7 (2) "

|$B _ x|(n—a+1)p"r g — x|(n—o¢+1)p/7'

R"—B k=0 ok i< |0 g —z|<2F+1¢
o0
< Y @k netpT / WP (z) dx
k=0

|zp—z|<2k+1¢

< CZ(?k"’lt)"(l_T) (2k¢)~(n—at )’ / w? (z) da
k=0 o5 —o| <2k 1
o0 p/
k+14\n(1—7) w (ZE)
= 02(2 2 rp — x|(n—et)p’ dx
k=0 i< @ g | <21
1-7 wp/ (:E)
< C|B| / |xB _ x|(n—o¢+1)p1 dx

p'T
C(%) |BJP'T(=1/ (') +e/n=1/n)

This completes the proof of the lemma. <

(3.15) Lemma. Let 1 < p; < pa < oo. Assume that w € H(a,p;) for i = 1,2.
Then w € H(a,p) for every p such that p1 < p < pa.

Proof. Let 6 € (0,1) and 1/p = 60/p1 + (1 —0)/p2. Then 1/p’ =6/p] + (1 —6)/p5,
where p' = p/(p— 1) and p, = p;/(p; — 1) for i = 1,2. Since w € H(a, p;), by the
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Hoélder inequality, we have

/v
w!(y)
_ o |(n—a+1)p’
R —B |:L.B yl
/v
w9p/(y) w(l—e)p/(y) .
= ~ : _ _ / y
R B lxp — y|(n a+1)6p lzp — y|(n at+1)(1-0)p
/v (1-6)p}
< _wn(dy _ wmdy
>~ |$B—y|(n7a+1)1”—'/1 ‘wB_y‘(n—a+1)p/2
Rm—B R — B
o 1-6
< (|B|_1/n+a/n—1/P1—1w(B)> (|B|—1/n+a/n—1/p2_1w(B>>

_ |B|—1/n—0—oz/n—1/p—1"&}(3)7
which proves that w € H(«a, p).$

(3.16) Examples of weights in H(«,p). It is easy to check that weights w such
that w? € A, are in H(a,p). However, the weights w(z) = || with 3 € (0,n/p—
a + 1) do not belong to A; but, using (3.9), it is easy to check that they are in
H(a, p). /

Let 0 < o < 1 and p’ > n/(1 —a). The weights w such that w? € A,y are
in H(a,p). In fact, given a ball B and 6 > 1, wh e Ap 41 and Holder inequality
imply

’ 1/17/
w7 (0B) _ o_loB 01
0] = Yo1eB) = o (B
w(B) ot W(B)
< Cco" _ C&n/p a+1l—e/pr ,
| B| | B|

where € = p'(1 — a —n/p’) > 0. From Lemma 3.9, we get w € H(«,p). &

4. PROOFS OF THE MAIN RESULTS

We start by proving some technical lemmas needed in the proof of our main
results.

(4.1) Lemma. Let w be a weight satisfying a reverse Holder condition with expo-
nent p', 1 < p < oo. Let [ belong to the weak weighted LP-space L. Then, there
exists a constant C, independent of f, such that

J 1@ do < 1
B

for every ball B in R™.
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Proof. Given a ball B, since w € RH(p'), by Lemma 2 (p. 268) in [G], there exist
6 > 0 and a constant C' such that

1/(p'+96)
ﬁéwp#é(x)dx < C%_
Therefore, by the Holder inequality, we get
(4.2)
[i@lar < | [oro@a o /(If(x)l)<p’+5>’ A
! w(z)
B s /
Loy )
< Cw(B) E/(w(w)) dx ,

B

where ¢ = (p' + 6)’. Let a be a constant to be determined later. We now estimate

é(%)qu < qu‘HI{%'>t}mB|dt+th‘1—1|{%>t}|dt

IN

Blat + alflg.. [ ortar

a
q—p

a
= Baq+quw
1B []p,p_q

because ¢ < p. Thus, choosing a = [f],..|B|~'/?, we obtain
[f @) _
(4.3) /<W dz < C|BJ! q/p[f];q),w-
B

Thus, from (4.2) and (4.3), the conclusion of the lemma follows. <

(4.4) Lemma. Let w be in H(a,p), 1 < p < co. Let f belong to LE,. Then, there
exists a constant C, independent of f, such that

/dec “B) g

|:L'B _yln—a+1 — |B|1+1/n+l/p—a/n

for every ball B = B(xzp,t) in R™.
Proof. Let a be a constant to be determined later. Let us denote

fa:fX{%L>a} and fa=Ff—f"
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Then, for a ball B with center zg, we have

f(y)
/ lrp —y[r—ott ay
R»—B

fa(y) / fa(y)
= — Ty + —Jed) g
/ o —ylnott Y jop —ylnott Y
R~ R”—B

=1L+ Is.

Let us first estimate I;. Since w is in H(«, p), by Lemma 3.14, there exists 7 > 1
such that w € H(a,q1) with ¢1 = (p'T)’ < p. Then, applying the Holder inequality,
we get

/a1 /a1
L < wily) 1w
e g — y|—o+Dar WY w(y)
R*»—B R
( o] /a1
w(B a
== O RO ERTIC
nlq n
(4.5) 0
00 1/a

] a® [{| £ >a}|+q1[f]g)w/5q1—p—1 ds

a

w(B) _
BiriaE (a7 [f15 )M

n

On the other hand, by Lemma 3.13, there exists 0 < § < 1 such that w € H(a, ¢2)
with go = (p’8)’ > p. Thus, by the Holder inequality, it follows that

, 1/q5 1/q2
|I2| < / wq2 (y> dy / fll(y> ”
- lzp — y|(nmatbe w(y)
R»—B R™
a 1/‘12
(4.6) w(B)
—1f /]

< Clpprimaja=ain /qu {5 > shds

0

w(B) _ 1/q2

S C|B|1+1/n+1/q2—a/n (aq2 p[f]gﬂd) :

Now, choosing a = [f]p,w|B|_%, from (4.5) and (4.6) the proof of the lemma is
complete.

(4.7) Lemma. Let « € Rt and § > 0 be such that 0 < a4+ 6 < 1. Let w be a
weight satisfying a doubling condition. If f belongs to L,,(6/n), then there exists a
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constant C' such that

/ M dy < Cl[fllz.sm) / 5 _zfﬂl—a—5 w

lzp —y[rt1e

for every ball B in R™.

Proof. Given a ball B = B(zp, R), letting B; = 27 B, since w satisfies a doubling
condition, we have

[ fwoms,

[z —y[* 1o

<c|B 22““ D / F(y) — mfldy

|BJ+1|
Bjt1—Bj
J+1
<C B 22““ 1>Z|B |/If —mp, f|dy
< O flesoml B 32 27 ”Z
= |Bk|

a—1 > W(Bk) a—
< CIfllcaiom! Bl Y ——=5 2k
k=0 |Bk| n

w(y)
< Cflleys/m) / op gl dy,
R

as we wanted to prove. <

The results obtained in §3 and the above lemmas give us the needed tools to
proceed with the proofs of theorems we stated in §2.

Proof of Theorem 2.5. Clearly (2.7) implies (2.6). Assuming (2.8), we shall prove
(2.7). In order to extend I, to an operator I, we first note that if f belongs to
ig and has compact support, then from Lemma 4.1 it follows easily that I, f(z)
is finite for almost every = in R™. Now, letting xp(0,1)(y) denote the characteristic
function of the unit ball, the operator

P i) = 1 1 =XxB0H®)
Lf(2) / [ 2020 1)y

|z —y|n—e ly|n—e

is well defined for every f in LP. In fact, for a ball B = B(xp,r) with B = 2B, we

set
an — 1—xp() _ 1= XB0,1)(¥) .
B ﬁz/ ( g - ) fy) dy

x5 —y[*e [yl

The expression in parentheses is bounded and behaves like |zg —y|~"T*~! for large
y. Then, since w is in H(«,p), applying Lemmas 4.1 and 4.4, we get that ap is
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finite. Thus, if we are able to show that

e é e / (F s S

n_B

satisfies the inequality

/ ()| dz < C| B[/ VPw(B)[ ]y
B

then, since by breaking the integral defining ap into the sum of the integrals over
B and its complement it is easy to check that

I.f(z) = ap + I(z),

we get that I, f is finite for almost every x in B and

/ L. f (@) — apldz < C|BI*/"1/Pu(B)[flp..
B

which implies (2.7). Let us first estimate I;(z). From Tonelli’s Theorem and
Lemma 4.1, we obtain

/ Ty () d < C| B/ 20(B) [ fly
B

On the other hand, by Lemma 4.4, for each « € B, we have

o|B|/n / r f(y) dy

|12($)| B _y|n—a+1

IN

R"—B

< CIBITYPRMw(B) [ flp.w-

When we combine these estimates, the inequality for I(z) follows immediately.
Finally, let us show (2.6) implies (2.8). First, for a ball B = B(zp, R) in R"” and
for g = xp — %(1, 1,...,1), we consider the following three regions:

A={zp+hwithheR"/|h|> Rand h; >0,i=1,...,n};
B, = B(xp, %) N{zp+hwith h € R"/h; <0,i=1,...,n};

By =Bn{ip+hwithheR"/h; <0,i=1,...,n}.
Clearly, we have the estimates

B = 27" |B(zp, 55)| = C(n)R" = C(n)| B,
|B2| > 27" |B(zp, §R)| = C(n)R" = C(n)|B],

dist(B1, By) = R( — 52) = C(n) ||,
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Then, for y € A, x € By and z € B, applying the mean value theorem and
denoting the angle between two vectors v and v by (u, v), we get

1 3 1 ~(-n+a) cos (w —/y,?— )
e |w —y[rmott

|ZL’ - Z|a
where w is a point in the segment conecting x and z. Under these conditions,
it follows that there exists 8 = 6(n) € (g,ﬂ) such that (w —y,z —2) > 0, and,

consequently, — cos(w — g,z — z) > C = C(n). Therefore, for y € A, = € B; and
z € By, since |w — y| < 2|zp — y|, we have

1 1 |z — 2| C|B|*™
_ > C > .
|z —y[*~>  [z—y[m> T |w—yrmett T |op —y[retd

(4.8)

Now, given a ball B and a non negative function f,, with support in A,, =
ANB(0,m), m €N, from (1.1) with 8 = a/n — 1/p and (4.8), we get

||Iafm||ﬁ (B)
1/p—a/n—1
|B‘ T w(B) // /fm [o— y‘n R o y\" Q)dy dx dz
(49) Bs By | Am
P fmy)
Z c w(B) |xB _ y|n—a+1 dy
Thus, taking
wP' Y
) = —2 )
lzp —yl 71

n (4.9), using (2.6) and letting m — oo, we have that

|B|(1/p—a/n+1/n)p’/ w? (y) dy < C (w(B))p '

[zp — y|nmet DY | Bl

Let us observe that A is the complement of B relative to the first quadrant of the
Cartesian system with center at xp. Proceeding as above, with the complement
of B with respect to the other quadrants, we get similar estimates for each of
these regions. By adding all these inequalities we conclude that w is in H(q, p),
completing the proof of the theorem.

Proof of Theorem 2.9. Assume (2.11). First we shall see that I, can be extended
to an operator I, defined on £, (0). Since

d
Lzlady dr < / w(y) / % dy
] 7]
B(0,1) \B(z,R) B(0,R+1) B(0,1)
< C(n,a) / wly)dy < oo

B(0,R+1)
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for every R € R, we can choose x¢ € B(0,1) such that

w(y)
(4.10) / Wdy < 00 for every R € R,..
B(I07R)

Thus, for zy as above, we set

(4.11) Iof(z) = R/ <|$O _1y|n_a e ;n_a) f(y) dy.

Since the expression in parentheses has null integral over R™ as a function of y,
for B = B(xg, R), we get

@) = [ (G~ s ) ()~ maf)d

lzo —y["~> |z —y|"me

R

= IL(z)+ Ix(x),

where I; is the integral over the ball B and I is the intqgral on the complement
of B. Let us first estimate I for z € B(xzp, R). We set B = B(z,2R). Since, by
Lemma 3.7, w satisfies a doubling condition, we have

|f(y)_me|dy+ |f(y) — Bf|

|$0— |n—o¢ i |ZL’ |n [

[ ())|

IN

IN

Ify) =mzfl /If mpfl

|~’C0—y|" @ —y|nme

+O| fll ()| BI* " w(B).

Both integrals can be estimated in exactly the same way, so we do only the first
one. Thus, denoting B, = 27*B, k € N, we get
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fy) —mpf a - —ka _
W) =mpll 4 < cpppa 3ok By () =z fldy
lzo — yl =0
By —Bk-1
[e%) k
< ow&}jTME]&r{/mw—m%ﬂ@
k=0 j=0 Bj
(o' k
< COllflle,@IBIF > 275> " |B;|"tw(By)
k=0 j=0
gamumanPM2fBZ2m
Jj=0 k=j
< Clflle, @ BIF7HY 27mEDw (279 B)
7=0
< C
< ””‘mfu =g
Therefore

4.12 L <C / /
(4.12) 1 11|z, o) 7o 3/|" - |x—y|" -

Next, let us estimate I. Applying the mean value theorem and Lemma (4.7) with
6 =0, since w € H(a/n, 00), we have

pos oopp [ Lol
lzo — yl
R"—B
1 w(y)
< ClfllaolBl / Wdy
(4.13) R™—B
< Ollflleo!Bl»~w(B)
<

< mmﬁm/| yWa

By integrating on B(zo, R), from (4.10), (4.12) and (4.13), we obtain that the
function I, f(z) is finite for almost every z in B(zg,R). Then, since R" =
Ugreg+ B(wo, R), we can conclude that I f(z), given in (4.11), is finite for almost
every x € R™.
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Now, in order to prove the boundedness of I, we observe that by Proposition
1.3 and (3.8) it is enough to get for I, f a pointwise estimate as in (1.6). Given x;
and z2 in R™ with =1 # x2 and B = B(z1,2|z1 — x2|), since the kernel of faf(:r)
has a null integral, we have

|zo —y[m—e

uf@) = Tof@) < [ s ~ e ) = s dy
RTL

= Ii + Iy,

where I is the integral on B and I5 is the integral on the complement of B. Thus,
proceeding in a similar way as in (4.11) and (4.13), we get that

[af(21) = Lo f(22)]

<Aflew| [ mMmawr [ ),

|z —y|" |z2 —y|"
B(ZE1,2|I1—I2|) B(:E2,2|I1—:E2‘)

as we wanted. Next, to prove (2.10) implies (2.11), let us proceed as in the proof
of Theorem 2.5.

Choose the same sets A, By and By for a ball B in R™. Then, for m € N, taking
fm(y) = w(y)xa,, (y), with A, = AN B(0,m), we get

e fmllco(asny = Hafmll 2oia/m)
|B|! e/ w(y)
2CTmm ), Eee
Since || fml|z, ) < 2, from (2.10) we have

T

m

Thus, letting m — oo and arguing as in Theorem 2.5, we obtain w € H(a, 00).
This complete the proof of the theorem.

Proof of Corollary 2.12. Let us show (2.13) implies (2.14). First, since w € H (6, 00),
from Theorem 2.9, we have I5(L2,) C L,(6/n). On the other hand, by (0.2), we
get

o (I5(9)) ()| = [Tats(9)(z)] <00 ae.

for every g in LgS,. Then, the operator I, agrees with I, on Ig(Lgf’w). Finally, from
this fact, (2.13) and Theorem 2.9, for f € L2, we have that

Hals llcostaymy = MHars(Hllzo(5+ay/m)

IN

C\ sl zoasm)

Cllfllz. -

Thus, proceeding as in the proof of (2.11), from (2.10) we get (2.14). Now, assume
(2.14). Clearly this implies w € H(6,00). Arguing as above, we have I5(LgS,) C

IN
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L., (6/n) and I, is defined on this set. In order to obtain an extension to all £,,(6/n),
we choose a point z( as in (4.10) but replacing « by a + 6. Then, proceeding as
in the proof of (2.10) in Theorem 2.9 but using (2.14) instead of (2.11), we define
the extended operator I, as in (4.11). The boundedness of this operator follows
from an argument quite similar to that used in the proof of (2.10), but applying
this time (2.14) instead of (2.8). ¢

[F-M]
[G]
[GC]

[G-V]

[H-M-W]

[H-S-V]

(M]

[M-W1]
[M-W2]
(P]
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